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ABSTRACT / , ~ 6 f  1 

The Green’s function technique is u t i l i z e d  i n  the determination of 

t he  f i e l d  d i s t r ibu t ion  of an i n f i n i t e l y  long current carrying conductor 

of a r b i t r a r y  but constant cross section above a superconducting ground 

plane of f i n i t e  thickness. It is  assumed that t h e  superconductor can be 

described by t h e  phenomenological London equations. The i n t e g r a l  expres- 

s ions t h a t  are obtained are solved ana ly t ica l ly  f o r  a f e w  spec ia l  cases 

of i n t e re s t .  It is shown t h a t  under ce r t a in  conditions, which axe often 

encountered i n  a physical system, a modified image method can be u t i l i z e d  

i n  order t o  ca lcu la te  t he  f i e l d  d is t r ibu t ion  t o  within 2 percent of t h e  

computer solution. 
p dTJ4dR 
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INTRODUCTION 

Due t o  t h e  rap id  advance of technology i n  t h e  area of superconduc- 

t i v e  devices f o r  computer applications,  a great deal  of i n t e r e s t  has been 

expressed i n  developing high speed switching components. (l) It has been 

shown t h a t  a device whose basic s t ruc ture  i s  t h a t  of a t h i n  superconduct- 

ing f i l m  above a superconducting ground plane exhibi ts  t h e  desired switch- 

ing speed charac te r i s t ics .  ( 2 ~ 3 )  The bas is  of any electromagnetic analysis  

of t h i s  type has been the assumption t h a t  the  re turn  current i n  the  ground 

plane is  local ized under t h e  current  casrying f i lm e f f ec t ive ly  forming a 

i 
. 
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s t r i p  transmission l i n e  whose charac te r i s t ics  are then calculated.  (4,5) 

The previous assumption, (henceforth called the S t r i p  Line assumption) is 

made f o r  geometries i n  which the  f i lm width is  much l a rge r  than t h e  

spacing between the f i lm  and ground plane. 

However, it is of ten necessary t o  determine the f i e l d  d i s t r ibu t ion  

fo r  geometries whose parameters do not f i t  t he  requirement needed f o r  

t h e  S t r i p  Line assumption. 

i s  used i n  deriving a general  expression f o r  the f i e l d  of a conductor, 

which i s  carrying current above a superconducting ground plane. 

Line assumption is ve r i f i ed  and a f e w  cases of pa r t i cu la r  i n t e r e s t  are 

I n  th i s  paper, t he  Green's function technique 

The S t r i p  

examined. 

determining the  f i e l d  of t he  current carrying conductor i f  ce r t a in  geo- 

metr ical  conditions, which are of ten encountered i n  pract ice ,  are satis- 

f ied. 

A modified image technique is developed that i s  useful  f o r  

Characterization of the Superconducting Ground Plane 

It will be assumed that the  properties of the  ground plane can be 

described by the London equations 

where p i s  the reciprocal  London penetration depth and 5 = po?. (The 

ra t iona l i zed  mks system of units is used throughout t h i s  paper.) It can 

be shown from Eqs. (1) and ( 2 )  that i n  the coulomb gauge under s t a t i c  

conditions 

vx(d + kp-23) = 0 

v -  (d + Cl-p-ZjF) = 0 
U 
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and 

023 = p2;t ( 4 )  

The following statements w i l l  be considered t o  be valid i n  the  

following analysis  (Fig. 1) : 

(1) d 
(2)  5' 

i n  the ground plane has only one component ( i n  the  z-direction) 

i n  the  ground plane is bounded i n  space ( t h i s  w i l l  be j u s t i f i e d  

later ) 

It w i l l  be assumed that the  current density i n  S' is  known. I n  the 

London gauge 

1 = -pop-2J (5) 

VZA = pzA ( 6 )  

and 

+ 
A straightforward argument can be used t o  prove that A is  uniquely 

determined f o r  a given t o t a l  ground plane current.  

Statement of Problem 

Consider the s i t u a t i o n  i n  which a current carrying source of arbi-  

t r a r y  cross  sec t ion  is  placed above a superconducting ground plane 

(Fig. 1). A f r ac t ion  E = I1/Io of the current is  returned through the  

ground plane and (1 - 5 )  of the  current i s  returned through the  wire above 

t h e  conductor. It is  assumed that there  i s  no geometric var ia t ion  i n  the  

z-direction so tha t  3/32 of t he  f i e l d  quan t i t i e s  are zero. 
4 

The source current density Js(x' ,y ' ) , which has only a z-component 

c n ~  he S ~ P A _ T A _ ~ . P ~  into a symmetric and antisymmetric p a r t  ( w i t h  respect  

t o  y ' )  ca l l ed  3, and fa, respectively.  
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where 

The Green's funct ion diagram, which corresponds t o  Fig. 1, is shown 

i n  Fig. 2. Due t o  t he  separation defined by Eqs. (7a )  and (7b) symmetric 

and antisymmetric p a i r s  of d e l t a  function sources are used t o  generate 

the  Green's funct ion of t he  system. For s impl ic i ty  consider t he  case f o r  

e = 1 first. Since free space can be described by the  equation 
-b 

VZA = -poJ (9 )  

t h e  solut ions t o  Eqs. (5 )  and ( 9 )  i n  the regions shown i n  Fig. 2 are as 

follows: ( A z s ( ? P ' )  and A=(T?/?') .we the  symmetric and antisymmetric 

(Green's)  vector po ten t ia l s ,  respect ively) .  

Region 1,2: 

Region 3: 

J 

Region 4: 



Region 5: 

The solut ion ekx was re jec ted  for  x > x ' ,  .and the solut ion e-kx 

was re jec ted  fo r  x < -d, s ince it is  assumed tha t  the  current densi ty  

i n  the  ground plane is bounded ( i n  t he  x,y plane) and that t h e  Green's 

vector po ten t i a l  is  zero at x,y = 03. This is  reasonable s ince the  

ground plane i n  any physical s i t u a t i o n  is not i n f i n i t e l y  wide  but can 

indeed be very wide i n  comparison t o  the source conductor dimension and 

x ' .  

z-direction. Therefore, t h e  boundedness statement given i n  the  last 

A similar  statement can be made regarding boundedness i n  the  
3 

sec t ion  is  j u s t i f i c a  due t o  t h e  above physical argument. 

I n  order t o  evaluate t h e  C I S ,  it is necessary t o  r e a l i z e  t h a t  the  

x-component of 3 is  continuous at x = x ' ,  0, -d, w h i l e  the  y-component 

of 3 is continuous at x = 0, -d and is  discontinuous at  x = x' .  The 

f i v e  equations describing the  continuity of f ie ld  are simply algebraic  i n  

form and w i l l  not be e x p l i c i t l y  shown here. The discont inui ty  of Hy at 

x = x' is not qu i te  so obvious and w i l l  be derived here. A t  x = x '  

$(region 1,~) - %(region 3) = po[6(y - y ' )  k ~ ( y  + y ' ) l  (11) 

The s igns  on the r i g h t  r e f e r  t o  the  symmetric and antisynrmetric cases, 

respect ively.  6 (y  f y ' )  is the  Dirac d e l t a  function. Eq. (11) becomes 
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Using t h e  Fourier i n t eg ra l  theorem yields  

cos ky ' 

} s i n  ky ' 
[Cl(k) - CZ(k)]e-kx' + Cg(k)kx' = 2 { 

Simultaneous so lu t ion  of Eq. (13) and the five cont inui ty  equations 

y ie lds  t h e  values far t h e  C I S .  If S i s  defined as cos ky'  i n  t h e  

symmetric case and s i n  ky' i n  the  antisymmetric case and 

then 

where 

I 

Once the Green's po ten t ia l s  have been found, it i s  a simple matter 

t o  express t h e  vector po ten t ia l  f o r  the configuration shown i n  Fig. 1 
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(remembering that t h e  case f o r  

Regions I, 11, IV, V, VI: 

6 = 1 is under consideration):  

I 'z S' 

($ S '  y '  2 0) 

where the primed in tegra t ion  i s  over the source cross  section. A,,(?/?') 

and Aza{$fi') are the  appropriate vector po ten t ia l s  f o r  t he  region under 

consideration. 

r e f e r s  t o  an in tegra t ion  over the source a rea  defined by 

Region 111: 
- 

where S1 is the  port ion of the source region i n  which 

x < x '  

Y ' > O  

and S2 is  tha t  port ion i n  which 

x > x' 

Y' 2 0  

I n  the  above equations, 3' and ? are  t h e  source and f i e l d  points,  

respect ively.  

It can now be shown tha t  t he  t o t a l  current i n  the  ground plane is  

From Eqs. (5) and (14)  it i s  seen that  the  current i n  the  ground -Io. 

plane is 
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where the unprimed coordinates refer t o  a point i n  t h e  ground plane. (It 

can be shown by d i r e c t  integrat ion t h a t  t h e  antisymmetric current densi ty  

does not contribute t o  t h e  net ground plane current.)  

first y ie lds  

Integrat ing over y 

I - S' 2 

+ c5s e m g b l  dy' & (18) 

Integrat ing over k and x, respectively,  y ie lds  

which completes t h e  proof. 

P a r t i a l  Current Return  i n  t he  Ground Plane ( 0  2 5 < 1) 

This case can be treated as t h e  superposition of two s i tua t ions .  In  

t h e  first s i tua t ion ,  a l l  the source current Io i s  returned through t h e  

ground plane. I n  t h e  second s i tua t ion  there i s  no source conductor, and 

the r e tu rn  wire c a r r i e s  current (I1 - Io), which is  returned through t h e  

rrrniinii - -.--_ - nl ~. n n e .  

Using t h i s  superposit ion t h e  Green's vector po ten t ia l  can be found 

d i r e c t l y  by considering the  case for 5 = 1. 
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Define constants D(k) that are r e l a t ed  t o  C(k) by the  r e l a t ions  

Ds(k) = -0 - 5Ns(k)/2 ( 2 0 4  

(and replace x' i n  t h e  Cs(k) expressions by x") 

Da(k) = 0 ( 20b) 

Thus, t h e  Green's po ten t ia l s  are: 

Region 1: 

Az(?/?')l = Az(?/?t)ll 5 =1 + lw Dl(k)cos ky e-kx dk ( Z l - 4  

Region 2: 
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For many cases of p rac t i ca l  i n t e re s t ,  t h e  r e tu rn  w i r e  is  far from 

the  ground plane and t h e  source conductor. It can be ver i f ied  t h a t  

Theref ore,  

n = 2 , .  . . , 6  

The net current i n  the ground plane can be found i n  a manner iden t i ca l  

This means t h a t  although t o  E q s .  ( 1 7 )  t o  (19)  and can be shown t o  be 

the  ground plane only re turns  a f r ac t ion  of t h e  source current,  t h e  vector 

-I1. 

po ten t i a l  i s  iden t i ca l  t o  the  case f o r  E = 1 if t h e  re turn  w i r e  i s  far 

from t h e  source and t h e  ground plane. 

that is  t h e  bas i s  of E q s .  (21(a-e)), it is  apparent t h a t  i f  t h e  ground 

If one remembers the superposit ion 

plane c a r r i e s  a current 

given by Eq. (17), while (Io - 11) is uniformly d is t r ibu ted  over the e n t i r e  

ground plane cross sect ion.  The current densi ty  of the  uniform dis t r ibu-  

-I1, -Io of t he  current follows t h e  d i s t r ibu t ion  

t i o n  i s  i n f i n i t e l y  small so that it does not contribute t o  the vector po- 

t e n t i a l ,  however, i t s  i n t e g r a l  over the  cross  sec t ion  of the ground plane 

i s  s t i l l  (Io - I1). 
i f  Io i s  f i n i t e .  A geometry that v io la tes  t h i s  r e s t r i c t i o n  w i l l  be 

examined below. 

It should a l so  be noted t h a t  Eq. (22a) is  va l id  only 

The above discussion is not as remote as it may seem. Consider a 

ground plane of f i n i t e  width 

dimensions small compared t o  

face.  Also assume t h a t  t h e  r e tu rn  wire is far from t h e  source conductor 

Wg. 

Wg 

Assume tha t  the  source conductor has 

and is  close t o  t h e  ground plane sur- 

and ground plane. However, s t i pu la t e  tha t  the  perpendicular distance from 
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the r e tu rn  w i r e  t o  t h e  ground plane i s  also much less than For t h i s  

case, Eq. (22b) i s  satisfied i n  the  neighborhood of the source conductor. 

Wg. 

For ce r t a in  geometries (discussed la ter)  the f i e lds  i n  the neighborhood 

of t he  source are very la rge  i n  comparison t o  the  fields elsewhere so that 

Eq. (22b) can be used t o  advantage i n  calculating t h e  inductance of t h e  

s t ructure .  

The Green's vector po ten t i a l  is now completely specif ied f o r  a rb i -  

t r a r y  6 so t h a t  it i s  now appropriate t o  examine a f e w  source conductor 

geometries of general  i n t e re s t  (it w i l l  be assumed that the re turn  w i r e  

is  e s sen t i a l ly  at i n f i n i t y  f o r  the  remainder of t h e  paper). 

Case 1: 

Special  Cases of In t e re s t  

+ 
JS(x ' , y ' )  = JLS(x' - a) 

This source d i s t r ibu t ion  v io l a t e s  the requirement that  Io be f i n i t e  

so tha t  Eq. (22b) cannot be applied here. 

d i s t r ibu t ion  can be more e a s i l y  obtained by a one-dimensional analysis ,  

they can a l s o  be obtained from t h e  above equations t o  demonstrate t he  

v a l i d i t y  of the analysis .  Using Eq. (14) w i t h  Eqs. (2l(a-e))  f o r  the  

Green's vector po ten t i a l  and performing the c u r l  operation y i e ld  the 

following re la t ionships  

Although the f ie lds  from t h i s  

x > a Hy = JL(l - ( ) / Z  

O < x < a  Hy = -JL(1 + k) /2  

sinh Px- cosh 2 -d < x < 0 Hy = 
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- - _  Case 2: 

J ~ G ( X '  - a) I Y ' 1  < w 
l Y ' l  > w 

(24) J & ' , Y ' )  = 

The current per un i t  thickness i n  the  ground plane, which i s  contained 

i n  a width 22, is  

Integrat ion with respect  t o  x', y ' ,  and y, respect ively,  y ie lds  

r m  

+ e' q/Gj si; kZ s i n  kW dk (26)  
C5s(k,x' = a)  

cos ky ' k 

Introducing the  change of var iables  k '  = k d y ie lds  f o r  the case 

w >> p-l,a 

k ' Z  W j sir, s i n  k '  - 
1 dk' ( 2 7 )  

k '  k '  

The current  densi ty  i s  given by 
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so t h a t  f o r  1 < W 

l > W  

J & x )  = 0 

which v e r i f i e s  t h e  S t r i p  Line assumption discussed i n  t h e  introduction. 

Modified linage Technique 

There is  a la rge  c l a s s  of problems t h a t  can be solved without r e so r t -  

ing t o  manipulations such as were shown i n  case 1 and 2 by using a modified 

image technique t h a t  will now be discussed. 

Green's vector po ten t ia l  t h a t  is  generated by a s ingle  d e l t a  function source 

of unit s t rength  inside t h e  source conductor a t  x '  = a. There w i l l  be no 

loss  i n  general i ty  by taking y '  = 0. 

For simplicity,  consider t h e  

If dl (see Fig. 1) i s  much larger  than p'l then a / p - l  >> 1, since 

a 

source conductor. Jf a/p-l >> 1 t h e  Green's current densi ty  i n  the  

ground plane i s  (Eqs. (5) and (14))* 

is  t h e  x-coordinate of an a r b i t r a r y  d e l t a  function source inside t h e  

which reduces t o  

cash($ + 1)pd 

a 2 s i n h p d  J,('itF') - - 
' a 2 + y  

* 
A f ac to r  of 1 /2  m u s t  be introduced in to  equation (14) , since here a 

s ingle  d e l t a  function source is being considered ( r a the r  than a symmetrical 

pa i r  ) . 



The fac tor  -a/n(a2 + y2) -3 t h e  current per un,- w i d t h  at the 

surface of the ground plane which is  found by replacing the  ground plane 

by the image of t he  delta function source. 

every delta function source tha t  makes up the  source conductor the  follow- 

ing general r u l e  can be established. 

cross sect ion with t h e  specif icat ion tha t  

i n  t he  ground plane can be found by f i rs t  f inding the  current per u n i t  

width a t  

x = 0 

Since Eq. (31) i s  valid f o r  

Given a source conductor of a rb i t r a ry  

dl >> P'l the current densi ty  

x = 0 by using the  method of images and then multiplying 

J,(x = 0) by p cash [$ + 1)Pj /,i* pa. 

Equation (31) reduces t o  the  perfect conductivity l i m i t  ( P - l  4 0)  as 

can be seen by considering the  following: 

It i s  in t e re s t ing  t o  note that 

and 

Thus, f o r  x 5 0 

x = o  

x < o  

which is t h e  correct  r e s u l t  i f  t h e  ground plane i s  a perfect  conductor. 
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It i s  now ins t ruc t ive  t o  examine the numerical so lu t ion  t o  the  Green's 

current density i n  the ground plane f o r  t h e  case of a un i t  d e l t a  function 

source a t  x' = a and y '  = 0. The dimensionless expression f o r  t h e  

current densi ty  (from Eqs. (5)  and (14 ) )  is 

1 

where 

( 35b 1 
Although t h e  l e f t  s ide  of Eq. (35a) does not appear t o  be dimenaion- 

less, it should be remembered that a unit  s t rength  source is  under con- 

s iderat ion.  

an IBM 7090 computer. 

Equation (35) was solved by a modified Simpson's r u l e  using 

It was found that t h e  integrand converged rap id ly  

t o  zero so t h a t  i n f i n i t y  could be replaced by a f i n i t e  number 

highest  N t h a t  was used was 81). The r e s u l t s  are given i n  Figs. 3 t o  6. 

It should be noted by comparing Eq. (31) with Figs. 3 and 5 t h a t  t h e  modi- 

N ( t h e  

f i e d  image technique developed i n  t h i s  paper i s  va l id  t o  within 2 percent. 

The numerical r e s u l t s  for t h e  Green's current densi ty  can be used t o  evalu- 

ate t h e  current densi ty  i n  t h e  ground plane f o r  an a r b i t r a r y  source 
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conductor by using approximation techniques f o r  cases i n  which t h e  modified 

image technique i s  not valid.  
. .  
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